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ABSTRACT
A Heisenberg-Clifford realization of a deformed U(sl2) by two parameters p and q is
discussed. The commutation relations for this deformed algebra have interesting connection
with the theta functions.
1
Introduction Recently it is found in the paper [1] that the so called RLL = LLR
formalism successfully leads an elliptic quantum algebra for ŝl2 which enables us to treat the
eight-vertex model by using the infinit dimensional algebra technique as we could do for the
six-vertex model (see references in [1]).
At this stage it seems very hard to work directly with the elliptic algebra mainly because
we do not have its free field realization. The commutation relations among the L operators
for the elliptic algebra are so complicated that it’s not an easy task to find the right way
to bosonize the algebra. So, we need to start from a much simple toy model and study its
bosonization.
We will discuss in the following about an two parameter deformation of the algebra
U(sl2) using the Heisinberg algebra [∂z, z] = 1 and the Clifford algebra O2n+1O2n+1 = 1,
O2m+1O2n+1 = −O2n+1O2m+1 for m,n ∈ Z≥0 and m 6= n.
an attempt at obtaining an elliptic sl2 algebra using the Heisenberg algebra
As a toy model for the elliptic algebra introduced in [1], we want to discuss the following
rather simple commutation relation. Let us introduce two parameters p, q and define the p, q
deformation of the universal envelopping algebra for sl2 as an associative algebra generated
by e, f, and t±1 having the following commutation relations
relations:
tet−1 = q2e, tft−1 = q−2f,
[e, f ] =
∑
n∈Z
(−1)nt2n+1p(n+1/2)2 . · · · (∗)
We note that the form of the right hand side of the equation (∗) is nothing but the theta
function.
It is well known that the Lie algebra sl2 and the quantum algebra Uq(sl2) have the following
Heisenberg realization [2]
sl2 case:
e = −∂z, h = −2z∂z + λ, f = z2∂z − λz,
Uq(sl2) case:
e = −1
z
[ϑ] , t = q−2ϑ+λ, f = z [ϑ− λ] ,
here, we set ϑ = z∂z and [A] = (q
A − q−A)/(q − q−1).
Now we state our main result.
Proposition: We have the following Heisenberg-Clifford realization for our elliptic sl2
algebra,
2
e = −1
z
∑
n∈Z
a2n+1q
(2n+1)ϑp(n+1/2)
2/2O|2n+1|,
t = q−2ϑ+λ,
f = z
∑
n∈Z
b2n+1q
(2n+1)(ϑ−λ)p(n+1/2)
2/2O|2n+1|,
where
a2n+1 =
q−(2n+1)(λ+1)/2(−1)−n/2√
q2n+1 − q−2n−1 ,
b2n+1 =
q(2n+1)(λ+1)/2(−1)−n/2√
q2n+1 − q−2n−1
for n ∈ Z.
Proof: Let n,m ∈ Z and n 6= m. To satisfy the commutation relation (∗) we must have
a2n+1b2n+1 =
(−1)−n
q2n+1 − q−2n−1 ,
a2n+1b2m+1q
(n−m)(λ+1) − a2m+1b2n+1q−(n−m)(λ+1) = 0.
These equations can be solved and have the solution stated as above. QED
We discussed an Heisenberg realization of a two parameter deformation of the universal
envelopping algebra of sl2. So far, we have not found a Hopf algebra structure which is
nesesarry to construct tensor product representations of our algebra. The connection between
out algebra and the algebra defined in [1] is not clear. We hope that to do a loop-algebraic
extension of our algebra is also possible in the similar manner as discussed in [2]. It is an
interesting problem to think why the operators e and f resemble theta functions except for
the q-dependent factor when we bosonize them. How can we interpret the infinit dimensional
Clifford algebra that is so trivial that we did not need when p = 0?
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